Let D denote the Diophantine
Introduction
The Diophantine equation (1) x 2 + y 2 = z 2 has attracted attention since ancient times. It arises from the Pythagorean theorem on right-angled triangles because the problem of finding all integral solutions to (1) is equivalent to geometric the problem of finding all right angled triangles whose sides are integral valued. A complete integral solution is given, in geometric terms, in the tenth book of Euclid's Elements. In modern notation, the complete integral solution is given by x = (m 2 − n 2 )l, y = 2mnl, z = (m 2 + n 2 )l, where l, m, n are arbitrary integers. Recall (see [2] ) that if we insist that l > 0 and m, n are such that m > n > 0, then we get the Pythagorean triples, that is, all positive integral values of the triple [x, y, z] satisfying equation (1) . Some authors do not distinguish all solutions to equation (1) from the Pythagorean triples. Strictly speaking, the Pythagorean triples take only the positive integral values of the solutions to the equation (1), since they arose from the geometric problems concerning right-angled triangles. In this paper, we abide by this convention and drop the term Pythagorean triples because we shall allow l, m, n to take any integral values. This means that our triples contain negative integers. The aim of this paper is to study some basic normal extensions induced by a group arising from integral solutions of the equation (1).
The Diophantine group
We use standard notations. R, Z and N, stand for the set of rationals, integers and natural numbers, respectively. Now let L = {[x, y, z] | x, y, z ∈ Z} denote the set to all integer solutions of equation (1) 
It is easy to see that " ∼ " is a well defined equivalence relation, and so partitions the set of all triples satisfying equation (1) 
It is easy to verify that under this operation, the structure (L/ ∼, ) is an abelian group (see [3] ). It is routine to check that the binary operation is well-defined, closed, and commutative. Moreover, the identity element, 1 (L/∼, ) exists in (L/ ∼, ), namely, the class [x : 0 : x] (x ∈ ) . Furthermore, the inverse of any element
, then the structure D is an abelian group. We will henceforth refer to D as the Diophantine group. 
Algebraic number theoretic properties
So, for all primes p not dividing the index of F in K, we have that the map
is injective and
is surjective. This means that φ F →K is a section of the exact sequence
Therefore this sequence splits, and we have
In other words, we have proved the following
Proposition 3.1 Suppose K/F is an extension of number fields and p is a prime such that p (K : F ). Then the transfer of ideal classes
is injective, the relative norm
is surjective, and
Applications
We can use proposition 3.1 to derive constraints on the diophantine groups of normal extensions. To do this, we need the presence of conjugate fields. Recall that the Hasse diagrams of subfields of extension with Galois groups A 4 and D 4 are respectively as follows: 
The first application of proposition 3.1 is 
Proof: First of all observe that the operation of squaring is an automorphism on every finite abelian group of odd order. Now, suppose ω i is the nontrivial automorphism of j i /F. Then the identity
in the group ring Z(V 4 ), gives rise to a homomorphism
). To check that this map is an isomorphism is easy, therefore we have the relation (3) . By observing that
together with the fact that
. Now by comparing relation (5) with (2) . Then we have that
for every prime p = 2.
Proof: Because J 1 and J 1 are conjugate fields (over F), they have isomorphic ideal diophantine group, and by corollary 4.1 this implies that
for every odd prime p. Proof. This follows at once from corollary 4.2 by noting that the fields J i are conjugate over F.
